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1. A splitting field for a twisted group algebra constructed from the underlying 
cocycle 
Let 𝑘 be a field of characteristic 0, let 𝐶 be an algebraically closed extension 
field of 𝑘, let 𝐺 be a finite group, let 𝑓: 𝐺 × 𝐺 → 𝑘∗ be a central 2-cocycle and 
denote by (𝑘, 𝐺, 𝑓) the twisted group algebra of 𝐺 over 𝑘 with respect to 𝑓, 
i.e. (𝑘, 𝐺, 𝑓) is the 𝑘-vector space with basis (𝑒𝑥: 𝑥 ∈ 𝐺), and the ring 
multiplication in (𝑘, 𝐺, 𝑓) is obtained by 𝑘-linear extension of the rule 
                                      𝑒𝑥𝑒𝑦 = 𝑓(𝑥, 𝑦)𝑒𝑥𝑦 ,    𝑥, 𝑦 ∈ 𝐺 . 
For basic concepts and results on twisted group algebras we refer to [Y], §4. 
Especially we use the well kown fact that (𝑘, 𝐺, 𝑓) is semisimple and that the 




representations of 𝐺, i.e. to the mappings 𝑇: 𝐺 → 𝐺𝐿(𝑉), where 𝐺𝐿(𝑉) is  the 
group of 𝑘-automorphisms of a finite dimensional 𝑘-vector space 𝑉, such that  
                          𝑇(𝑥)𝑇(𝑦) = 𝑓(𝑥, 𝑦)𝑇(𝑥𝑦)  for all 𝑥, 𝑦 ∈ 𝐺. 
For general background information and basic results on algebras we refer 
to [D].  
This note makes use of the splitting field of (𝑘, 𝐺, 𝑓) which was constructed 
in [O1]. We recall its construction: For every 𝑥𝜖𝐺 define  
                   𝑎𝑓(𝑥) ≔ ∏ 𝑓(𝑥, 𝑥
𝑖)
𝑚(𝑥)
𝑖=1 ,  where  𝑚(𝑥) ≔ 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝑥 , 
and let 𝐿𝑓 ⊂ 𝐶 denote a splitting field for all polynomials  
                                            𝑋𝑚(𝑥) − 𝑎𝑓(𝑥),    𝑥 ∈ 𝐺 . 
 
(1.1) Theorem  𝐿𝑓 is a splitting field for (𝑘, 𝐺, 𝑓)  
 
For a proof see [O1].  
 
We use  the following notation: 𝑊𝑘  is the group of roots of unity in 𝑘. 𝑊𝑚 is 
the group of roots of unity in 𝐶 of order dividing m. 𝜉𝑚 is a primitive root of 
unity of order 𝑚 in 𝐶. 
 
(1.2) Remarks and examples (a) Another method for constructing splitting 
fields of twisted group algebras is discussed in [O2]. It makes use of the 
concept of lifting field ; see especially [O2], (1.2), p. 3. 
(b) If 𝑘 contains a primitive root of unity of order exp (𝐺) then 𝐿𝑓/𝑘 is an 
abelian extension. This case occurs for instance in the context of symbol 
algebras. Namely, let 𝐺 be a finite abelian group, let 𝑘 be a field of 
characteristic 0 and let 𝑓: 𝐺 × 𝐺 → 𝑘∗ be a central 2-cocycle such that the 
associated symplectic pairing which is defined e.g. in [Y], §2,  i.e. 
                    𝜔𝑓: 𝐺 × 𝐺 → 𝑘
∗ ,    𝜔𝑓(𝑥, 𝑦) ≔
𝑓(𝑥,𝑦)
𝑓(𝑦,𝑥)
  , 𝑥, 𝑦 ∈ 𝐺,  
is nondegenerate. Then 𝑘 contains a primitive root of unity of order exp (𝐺). 
It follows almost immediately from the definitions and is well known that 




isomorphic to (𝑘, 𝐺, 𝑓) where 𝐺 ≅ 𝐶(𝑚) × 𝐶(𝑚) is a direct product of 
isomorphic cyclic groups of order 𝑚 for some  𝑚 and 𝑓 is a central 2-cocycle 
such that 𝜔𝑓 is nondegenerate. Hence in this case 𝑘 contains a primitive root 
of unity of order 𝑚 = exp (𝐺).  
(c) Represent an element (𝑓) in the Schur multiplier of a finite group 𝐺 by a 
central 2-cocycle 𝑓: 𝐺 × 𝐺 → 𝑊𝑚, where 𝑚 is the order of (𝑓), and let 𝑘 =
ℚ(𝜉𝑚). According to [AK] the exponent of the Schur multplier of a finite 
group 𝐺 divides the number |𝐺|/exp (𝐺). This implies that the field 𝐿𝑓 is 
contained in the cyclotomic field ℚ(𝜉|𝐺|). Therefore (1.1) yields part of a 
result of W. F. Reynolds [RE], see Theorem on p. 191 and its proof; in 
particular it shows that every projective representation of 𝐺 over ℂ can be 
realized over ℚ(𝜉|𝐺|). 
 
 
2. A splitting field for twisted group algebras over a number field with 
prescribed arithmetic conditions for the underlying cocycle 
Let 𝑘 be a number field with ring of integers 𝑅 = 𝑅𝑘, let 𝐺 be a finite group of 
exponent 𝑒, let 𝑆 be a finite set of places of 𝑘 which contains all infinite places 
of 𝑘 and all places of 𝑘 which divide 𝑒, let 𝑅𝑆 denote the ring of 𝑆-integers of 
𝑘 and let 𝑅𝑆
∗ be its group of units. The generalized Dirichlet unit theorem 
shows that 
(2.1)                            𝑅𝑆
∗ ≅ 𝑊𝑘 × ℤ
𝑠−1 
where 𝑠 is the number of elements of 𝑆, comp. e.g. [L1], p. 105. As in [O2], p. 
8, line 1, a central 2-cocycle 𝑓: 𝐺 × 𝐺 → 𝑘∗ is said to be unramified outside 𝑆 
if its cohomology class (𝑓) ∈ 𝐻2(𝐺, 𝑘∗) is contained in the image of the 
homomorphism 
(2.2)                             𝐻2(𝐺, 𝑅𝑆
∗) → 𝐻2(𝐺, 𝑘∗) 
which is induced by the embedding 𝑅𝑆
∗ ↪ 𝑘∗. Denote this image by 
𝐻2(𝐺, 𝑘∗)𝑆. As was shown in [O2], section 2, p. 7, the group 𝐻
2(𝐺, 𝑅𝑆
∗) - and 
therefore also the group 𝐻2(𝐺, 𝑘∗)𝑆 - is finite. Of course every central 2-
cocycle 𝑓: 𝐺 × 𝐺 → 𝑘∗ is unramified outside some suitable set of places 𝑆 as 





(2.3) Theorem  Let 𝑘 be a number field, let 𝑒 be a positive integer and let 𝑆 be 
a finite set of places of  𝑘 which contains all infinite places of  𝑘 and all places 
of  𝑘 which divide  𝑒. Let  𝐿 = 𝐾(𝑆, 𝑒) ⊂ 𝐶 be the splitting field of all 
polynomials 𝑋𝑒 − 𝑎, where 𝑎 ∈ 𝑅𝑆
∗ runs through a full set 𝑄 of 
representatives of the finite group 𝑅𝑆
∗/𝑅𝑆
∗𝑒 .  Then 𝐿 = 𝐾(𝑆, 𝑒) is a splitting 
field for all twisted group algebras (𝑘, 𝐺, 𝑓), where 𝐺 is a finite group of 
exponent  𝑒 and where the central 2-cocycle 𝑓 is unramified outside 𝑆. 
 
Proof: Since cohomologous cocycles yield isomorphic twisted group algebras 
we may and do assume that in (𝑘, 𝐺, 𝑓) all values of 𝑓 belong to 𝑅𝑆
∗. It is then 
sufficient to show that the splitting field 𝐿𝑓 of (𝑘, 𝐺, 𝑓) which is defined in 
(1.1) is contained in 𝐿. But this follows by expressing each 
                                 𝑎𝑓(𝑥) = ∏ 𝑓(𝑥, 𝑥
𝑖)
𝑚(𝑥)
𝑖=1  ,   𝑥 ∈ 𝐺, 
as 
                                 𝑎𝑓(𝑥) = 𝑎 ∙ 𝑏
𝑒 ,  𝑎 ∈ 𝑄, 𝑏 ∈ 𝑅𝑆
∗ , 
which shows that all 𝑒-th roots of 𝑎𝑓(𝑥) in 𝐶 are contained in 𝐿. It implies that 
all 𝑚(𝑥)-th roots of 𝑎𝑓(𝑥) are contained in 𝐿. So 𝐿 contains 𝐿𝑓 . 
 
(2.4) Remarks and examples (a) If in (2.3) the field 𝑘 contains a primititive 
root of unity of order 𝑒 then the extension 𝐾(𝑆, 𝑒)/𝑘 is  abelian. For example, 
for 𝑘 = ℚ this assumption means 𝑒 = 2, i.e. the finite groups 𝐺 are 
elementary abelian of exponent 2, and if the finite set of places 𝑆 of ℚ consists 
of the infinite place and the places corresponding to prime numbers 
2, 𝑝1, … , 𝑝𝑟 , then  
        𝑅𝑆
∗ =< −1, 2, 𝑝1, … , 𝑝𝑟 > and 𝐾(𝑆, 2) = ℚ(√−1, √2,√𝑝1, … , √𝑝𝑟).  
(b) E. Artin’s construction of the Clifford algebra 𝐶(𝑞) of a nondegenerate 
quadratic form 𝑞 over a field 𝑘 of characteristic ≠2 as a twisted group algebra 
(𝑘, 𝐺, 𝑓) of a finite elementary abelian group 𝐺 of exponent 2 as given in [A], 
chapter V, section 4, especially p. 186, line 26, applied in the situation where 
𝑘 is a number field, shows that 𝑓 is unramified outside 𝑆, where 𝑆 is such that 
the diagonal coefficients of 𝑞 are 𝑆-units, and therefore by (2.3) the field 
𝐾(𝑆, 2) is a splitting field for 𝐶(𝑞) for all such nondegenerate quadratic forms 




(c) We discuss an example which makes use of basic facts from the theory of 
elliptic curves over number fields; for the latter we refer to [SI], Chapter VIII, 
and to [T], especially section 3.  A related construction, which aims at Galois 
representations, is contained in e.g. [J], section 4.3. Let 𝑚 be an integer >1, 
let 𝑘 be a number field with algebraic closure ?̅?, assume that 𝑘 contains the 
group of m-th roots of unity 𝑊𝑚 ≤ ?̅?. Let 𝑆 be a finite set of places of 𝑘 which 
contains all infinite places of 𝑘, all places which divide 𝑚 and large enough 
such that the ring 𝑅𝑆 of 𝑆-integers of 𝑘 is a principal ideal ring. Let 𝑘𝑆/𝑘 
denote the maximal extension which is unramified outside 𝑆 and let 𝐺𝑆 
denote the Galois group of this extension. Let 𝐸 be an elliptic curve defined 
over 𝑘. Assume that 𝑆 contains all places of 𝑘 where 𝐸 has bad reduction. 
Then, as remarked in [T], section 3, 𝐸(𝑘𝑆) is divisible by 𝑚 and the 
multiplication by 𝑚 map 𝐸(𝑘𝑆)
𝑚
→ 𝐸(𝑘𝑆) gives an exact sequence of 𝐺𝑆-groups 
(1)                             0 → 𝐸𝑚 → 𝐸(𝑘𝑆)
𝑚
→ 𝐸(𝑘𝑆) → 0 
where 𝐸𝑚 is the group of 𝑚-torsion points of 𝐸 over ?̅?; as an abstract group 
𝐸𝑚 is isomorphic to a direct product of isomorphic cyclic groups of order 𝑚: 
𝐸𝑚 ≅ 𝐶(𝑚) × 𝐶(𝑚).  Assume furthermore that 𝑘 contains the coordinates of 
all elements of 𝐸𝑚. Then 𝐻
1(𝐺𝑆, 𝐸𝑚) = 𝐻𝑜𝑚(𝐺𝑆, 𝐸𝑚), and the exact 
cohomology sequence applied to (1) yields the exact sequence 
(2)                0 → 𝐸(𝑘)/𝑚𝐸(𝑘)
Δ
→𝐻𝑜𝑚(𝐺𝑆, 𝐸𝑚) → 𝐻
1(𝐺𝑆, 𝐸)𝑚 → 0 . 
Put 𝐺 ≔ 𝐶(𝑚) × 𝐶(𝑚). We will construct a central 2-cocycle 𝑓: 𝐺 × 𝐺 → 𝑅𝑆
∗ . 
Let 𝜔:𝐺 × 𝐺 → 𝑊𝑚 be the Weil Pairing, see e.g. [SI], Chapter III, §8, and 
denote by 𝑓𝜔: 𝐺 × 𝐺 → 𝑊𝑚 the corresponding pairing – and therefore cocycle 
- constructed in the proof of [Y], 2.3, Theorem 2.2. So 𝜔 satisfies  
                           𝜔(𝑥, 𝑦) = 𝑓𝜔(𝑥, 𝑦)/𝑓𝜔(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝐺. 
Assume that there is a surjective φ 𝜖 𝐻𝑜𝑚(𝐺𝑆, 𝐸𝑚) and denote by 𝐾 the 
corresponding kernel field. So 𝐾/𝑘 is a Kummer extension of exponent 𝑚 
which is unramified outside 𝑆 and its Galois group is isomorphis to 𝐺. As is 
well known from Kummer theory over number fields there are elements 
𝑎, 𝑏 𝜖 𝑅𝑆




). Assume that 𝑥, 𝑦 are generators of 𝐺, i.e. 
𝐺 = 〈𝑥〉 × 〈𝑦〉. Define a central 2-cocycle 𝑓𝑎: 〈𝑥〉 × 〈𝑥〉 →  𝑅𝑆
∗ by  
           𝑓𝑎(𝑥
𝑖 , 𝑥𝑗) ≔ 1, 𝑖𝑓 𝑖 + 𝑗 < 𝑚, 𝑎𝑛𝑑 𝑓𝑎(𝑥
𝑖 , 𝑥𝑗) ≔ 𝑎, 𝑖𝑓 𝑖 + 𝑗 ≥ 𝑚 , 
and in the same way a central 2-cocycle 𝑓𝑏: 〈𝑦〉 × 〈𝑦〉 → 𝑅𝑆
∗. Then  





is a symmetric central 2-cocycle. This construction is well known from group 
cohomology and occurs in a similar context in the description of cyclic 
algebras, see e.g. [D], II, §5, p. 65. Finally the sought-for central 2-cocycle 
𝑓: 𝐺 × 𝐺 → 𝑘∗ is defined as 
                                    𝑓: 𝐺 × 𝐺
(𝑓𝑎×𝑓𝑏)∙𝑓𝜔
→       𝑅𝑆
∗ ↪ 𝑘∗ . 
It follows from (2.3) that the field 𝐾(𝑆,𝑚) is a splitting field for the twisted 
group algebra (𝑘, 𝐺, 𝑓). The question arises whether there are examples 
where a surjective 𝜑 𝜖 𝐻𝑜𝑚(𝐺𝑆, 𝐸𝑚) can be obtained from a rational point, 
i.e. where there exists 𝑃 𝜖 𝐸(𝑘) such that  
                                       𝜑 = Δ(𝑃 𝑚𝑜𝑑 𝑚𝐸(𝑘)), 
Δ being the map occuring in the above exact sequence (2). This question can 
be studied by applying Kummer theory for elliptic curves as presented e.g. in 
[L2], Chapter V. Compare also related questions and investigations in the 
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